The detailed descriptions of 1) structures and reflection responses of the basic coding particles;
Structures and reflection responses of the basic coding particles
Before we discuss the reflection responses of the basic coding particles, we will first describe the configurations for the simulation of the coding particles. The coding particle is built in CST Microwave studio and placed in the unit cell boundary condition, which simulate the case where there are infinite numbers of coding particles arranged in x-y plane with the same period p along the x-and y-axis. Floquet port with TE and TM modes, representing the y-and x-polarizations, respectively, are set as the excitation source. The surface of the structure is selected as the reference plane, at which the phases and amplitude of reflection will be extracted. The simulated reflection phase represents the phase delay of the terahertz wave starting from the reference plane, through the structure and then reflected back to the reference plane. The scattering patterns are obtain by simulating the whole encoded metasurface with open boundary conditions in all directions using the time-domain solver in CST microwave Studio. The software will first calculate the electromagnetic (EM) field distributions in the near-field region (the specific range to be calculated is determined by the algorithm of CST), and then Fourier transform the EM field distributions on a certain plane to obtain the scattering pattern at infinity, which is expressed by the elevation angle θ and azimuthal angle φ.
Supplementary Figure S1a gives the structure of the "0/1" coding particle, which is obtained by rotating the "1/0" coding particle by 90° in the x-y plane. Figure S1d . The geometrical parameters for both plots are the same as those given in the main text for the 1-bit case. By observing the phase difference in both cases, we find that it varies from 160° to 180° (20° tolerance) for the isotropic coding particle from 0.86 to 1.17 THz, covering a relative bandwidth of 30.5%. For the isotropic coding particle, the relative bandwidth with 21° tolerance (from 160° to 201°) increases to 32.1% (from 0.94 to 1.7 THz). The broadband design of the basic coding elements gives rise to excellent performance of encoded metasurfaces such as broadband diffusions (Main text Figure 3h) 
Derivation of the anomalous reflected angle
Due to the anisotropy of the geometry, the reflection coefficients of each anisotropic coding particles should be expressed by a second order tensor as,
in which and represent the reflection coefficients of a certain coding particle in the coding metasurface under the x-and y-polarizations. For simplicity, we will fist consider the case when , i.e., the isotropic coding metasurface. For the coding particles "0" and "1" indicated by green and yellow blocks in Figure S2 , the reflection coefficient R of electric field can be expressed as,
To deduce the anomalous reflection angle scattered by the anisotropic coding metasurface, we would like to consider a general case which contains gradient phase changes along both the xand y-directions, as is schematically shown in Figure S2 , in which "1" and "0" coding particles are distributed in a chessboard configuration on the coding metasurface. The lengths of each coding particle along the x-and y-directions are marked by d x and d y , respectively.
The lengths of one period of the gradient phase distribution along the x-and y-directions are marked by Γ x and Γ y , respectively. Based on the electromagnetic wave theory, the electric field in the far-field region can be written as (3) in which is the scale coefficient, i is the distance between a certain coding particle and the observation point in the spherical coordinate system, is the function of the scattering pattern of each coding particle.
Due to the fact that the size of coding particles is around λ/4 or less, the detailed information of coding particles is vague in the far-field. Therefore, we can neglect the effect of and in Eq. (3) when calculating the far-field pattern of the whole coding metasurface under the normal illumination of plane wave, as is expressed below,
For the 1-bit coding metasurface, the amplitudes of coding particles "0" and "1" equal 1 and their phases are 0 and , respectively, as is expressed in Eq. (2) . Since the absolute value of reflection phase φ 0 is a constant and can be moved out of the summation, we therefore assume it to be zero in the following derivations. The double summation in Eq. (4) can be separated and rewritten as,
The amplitude of the scattering pattern can be obtained by calculating the summation of Eq.
(5) as (6) in which p, q=0, ±1, ±2,… . Observing this function, we know that gets its first extreme point, which is the first diffraction order of the reflected beam, when the angles θ and φ satisfy the following conditions, and
Considering , and , Eq. (8) can be rewritten as,
Eqs. (7) and (9) give the anomalous direction of the normally incident beam scattered by the coding metasurface in the upper-half space, which are also valid for any coding metasurface encoded with 2-bit or higher bits. For the anisotropic metasurface proposed in this work, all the cases (except for the random cases) are encoded with periodic coding sequences along one direction (x-or y-axis), the elevation angle defined in Eq. (9) could be further simplified as below,
in which Γ is the physical length of one period of the coding sequence, i.e., the minimum length of gradient phase.
We note that, for the anisotropic coding metasurface, the anomalously deflected angles under the x-and y-directions can be independently calculated by Eq. (10).
Supplementary Figure S2
The schematic for the derivation of the anomalous direction of the beam scattered by the coding metasurface.
Conversion efficiency of the anisotropic coding metamaterial
Despite the versatile functionalities of the polarization-controlled coding metamaterial, the conversion efficiency is also an important factor in real applications. We quantitatively estimate the conversion efficiency of the designed anisotropic coding metamaterial by the ratio of the anomalously deflected/reflected beams to that reflected from a metallic board tilted 24° along the y-axis. In this case, the reflected beam points at -48° with respect to the z-axis, which is equivalent to the scenario that the same beam is anomalously 
Reflected quarter-wave plate and in-plane beam scanner
The 2D bi-static scattering pattern for the reflected quarter-wave plate is demonstrated in Supplementary Figure S4a , where the maximum scattering points to the direction of -30° with amplitude of 0.66, which has been normalized to the maximum value of the beam reflected by metallic board tilted with 15° along the y-axis. We notice that the side lobes remain below 0.02 in the whole x-z plane. Since the anomalously reflected beam has certain solid angle, we further characterize the axial ratio in a broader angle from -45° to -15° in the x-z plane at 1
THz, as shown in Supplementary Figure S4b . Such excellent performance makes it a high-efficiency and high-directivity device for linear to circular polarization conversion at terahertz frequencies.
In some applications such as a radar system, the beam is usually required to be able to scan from -90° to 90° in a certain plane. This can be easily realized using the proposed 2-bit anisotropic coding metasurface by designing a gradient sequence "00-01-10-11-00-01-10-11…" for the x polarization and its reverse sequence "01-00-11-10-01-00-11-10…" for the y polarization, which corresponds to the following coding matrix Similarly, the y-polarized terahertz wave will be reflected to the direction of -22° in the y-z plane if we double the period of the reversed coding sequence as "10-10-01-01-00-00-11-11-10-10-01-01-00-00-11-11-…", and keeping the coding sequence unchanged for the x polarization. Such functionality can be realized by encoding the metasurface with the 8×8 coding matrix = .
The transverse-magnetic (TM) modes, respectively, which could also contribute to such discrepancy. Overall, the deflection angle in both cases has strong correlations with the general Snell"s law.
Experiments and measurements
Supplementary Figure S7c shows the photo of the experimental configuration of the rotatory THz-TDS system. In order to minimize the background noise, the received signal was sampled 1000 times at each position of the delay line and, after which an averaged value was calculated as the final measured data. Since the current system does not support 45° polarized terahertz wave (with respect to the y-axis), the reflected quarter-wave plate design was not measured by this system.
Supplementary Figure S7d displays the photo of the experimental configuration of the theta-to-theta THz-TDS system. The incident wave (marked by blue color) was first reflected by mirror M1 and M2, and then incident to a silicon lens that can transmit half of the energy to the sample and reflect the other half energy back. The anomalously reflected signal (marked by red color), after interacting with the sample, was first reflected by a parabolic mirror and then incident to the sample again. Because the signal passed through the silicon lens twice, the energy of the final received signal was only about a quarter of the incident signal. Supplementary FiguresS7a and b give the optical microscopy images for the 1-bit (encoded with ) and 2-bit (encoded with ) samples, respectively.
